In the first part of this work we formulated the decoupled sites representation for two different types of ligands and highlighted special properties of the case of n binding sites for ligand L 1 and one binding site for ligand L 2 . Moreover, for this case, we identified the microstate constants as unique components all decoupled molecules share. In the second part on hand, we investigate the cases with (n, 2) and (n, 3) binding sites. As it is difficult to solve the system of equations occurring when a molecule with more than one binding site for both ligands shall be decoupled, we present applicable calculation methods which exploit the special structure of the system of equations. Moreover, we investigate which unique properties all decoupled molecules share and show that for two different decoupled molecules with the same binding polynomial, not all microstate constants of a certain macrostate are permutations of the microstate constants of the other molecule.
Introduction
We regard a molecule M in solution to which another molecule L can bind reversibly at several binding sites. If the activity (or concentration) of L is changed, the average amount of ligand L bound to the molecule M in equilibrium will change, too. In this work the general objects of interest are titration curves as functions in the ligand activities which describe the average binding of two different ligands to a molecule as a whole (overall titration) or to a certain site, in equilibrium. We give a short summary to recall the basics. A more detailed description is given in the first part of this work [7] .
In the underlying model, the equilibrium binding properties of the molecule M are described by energies of microstates which are mapped to rational functions in the ligand activities (the titration curves). With n = n 1 + n 2 denoting the number of binding sites for both ligands L i , a microstate k is an n-tuple illustrating the binding state of an individual molecule: K denotes the set of all microstates k. We use a simplified model in which the microstate energies are sums of binding energies (energy difference if a certain site is (un)occupied) and pairwise interaction energies describing whether an occupation of a certain site influences the binding probability of a ligand to another site. This model is simplified as, in an extended model, additional summands of interaction energy resulting from interaction of three or more binding sites would be incorporated. Here, in this simplified model, we profit from a relieved notation and the main results carry over to the more general setup. Thus, the binding properties of ligands L 1 and L 2 to the molecule M can be characterized by an
The constant g(k) of a microstate k is given by
in the model with only pairwise interaction. The binding polynomial in the ligand activities and κ of a molecule M with n 1 binding sites for ligand L 1 and n 2 binding sites for ligand L 2 , which is the denominator of all titration curves, writes
with l 1 (k) := n 1 i=1 x k i and l 2 (k) := n 1 +n 2 i=n 1 +1 x k i denoting the number of bound ligands of both types and g(k) again the microstate constant of state k. The average amount of bound ligand to site r in equilibrium is given by 
The situation with only one type of ligand L 1 (n 2 = 0) has been investigated for a long time [1] [2] [3] [4] [5] [6] 12] and it is well described. An important feature within the theory of ligand binding if only one ligand is present is the decoupled sites representation (DSR) which states that for any overall titration curve, a hypothetical molecule with non-interacting binding sites exhibiting this overall titration behavior exists [8] [9] [10] .
In the first part of this work, we formulated the DSR for molecules with two different types of ligands as conjecture and highlighted the case of n 1 to one binding sites for the two different ligands [7] . In this part we will treat the cases (n, 2) and (n, 3) exemplarily to generate an intuition for the situation of (n 1 , n 2 ) ligand binding sites, for which certain statements are difficult to prove. Moreover, we present numerical methods for the calculation of corresponding decoupled systems.
Two to two binding sites
We formulate the DSR as proposition for the case n 1 = n 2 = 2. 
such that all equations, except for a 1,1 are solved. The remaining question is whether the products can be factorized such that all required conditions are fulfilled. As we know the binding constants we can rewrite the conditions on the products to
If there exist (w i, j ) solving system (9) then the whole system (7) will have a solution. Rearranging the first four equations of system (9) shows that we can solve them simultaneously for any choice of w 1,A if and only if
However, this is true as the b i s are derived from the roots of polynomials and fulfill in particular
Consequently, we can solve the first four equations to receive expressions depending on w 1,A , only, and plug them into the last equation which gives a polynomial of degree two with at least one root non-zero.
A generalization of this procedure might be adequate to prove the DSR without fixing n 1 and n 2 . To find a decoupled molecule for a system with four and two binding sites we have to solve system (10) (below) consisting of 14 polynomial equations (one equation per coefficient) with 14 variables given by the binding constants and the interaction constants. To facilitate identifying the structure of the system, which is required to understand how we find solutions, we use the following substitutions:
with i ∈ {1, 2, 3, 4} and j ∈ {A, B}. A look at system (10) reveals that it consists of three systems of the type described in Corollary 1 of [7] and a system which is a sum of two systems of the same structure (
To find a decoupled system for Example 1, we tried to use the standard command "algsys" of the computer algebra system Maxima to solve the system. However, it was too complicated to be solved directly by this general approach. Instead we used the special structure of the system to deduce an iterative procedure with decoupled systems as fixed point: Regarding the system of polynomial equations we see that the equations given by a 4,0 , a 3,0 , a 2,0 , a 1,0 do neither contain any interaction constant as variable, nor the binding constants g A , g B . Thus, we have four equations with the four variables g 1 , g 2 , g 3 , g 4 . This subsystem can be solved using the well known procedure:
where z i denote the roots of the polynomial
Analogously, coefficients a 0,2 , a 0,1 immediately give a solution for (g A , g B ). Hence, the binding energies are unique, except for permutations. We chose any permutation which means we fix the binding constants. The products ξ i = g i w i,A w i,B can be calculated using equations a 4,2 , a 3,2 , a 2,2 , a 1,2 : Again, these products are the negative inverses of the roots of the polynomial
Note, that this is the major step which distinguishes between the different decoupled molecules: We have fixed an order of the binding constants previously, and have to relate the roots of P 2 and the products g i w i,A w i,B . In general, we will receive different decoupled molecules for different permutations of the roots of P 2 (if they do not coincide due to identical binding constants, etc.). As we know the binding constants g i , these solutions give conditions on w i,A w i,B . Regarding equations a 4,1 , a 3,1 , a 2,1 , a 1,1 we see that the system is the sum of two "ordinary" systems which could be solved by the well known procedure previously described, if we knew
As this is not the case we use the iterative approach described in Proposition 2. (10) Proof Let x be a solution to the subsystem, satisfying the conditions on the products
Proposition 2 Let the algebraic system
which gives
if the correct permutation of the roots is used. Conversely, let x be a fixed point and, without loss of generality, let σ be identity.
This means that the roots of P n coincide with the roots of P n+1 . As both polynomials have the same roots and the same constant term, this shows that all coefficients are equal, which implies a 
For the sake of a clear view, we use a matrix notation for W which repeats information but underlines which pairwise interaction is described. 
The binding to the individual sites is illustrated in Fig. 1 . We used the iterative approach described in Proposition 2 to calculate 24 different decoupled molecules, which correspond to the different permutations of the roots of P 2 . The titration curves of the individual binding sites of two different decoupled molecules N and K are illustrated in Fig. 1 
Remark 1 (a) The fixed point algorithm described in Proposition 2 can easily be generalized to a situation of (n, 2) binding sites. Only the degree of the polynomial whose roots have to be calculated increases. (b) We note that it is not clear whether this procedure will always be attracted by its fixed point. However, our numerical test suggest that it converges quickly. 
.).
In all examples we calculated, this altered procedure led to another molecule with different sites A and B. However, the titration curves of sites 1, . . . , 4 only depend on the chosen permutation of the products w i,A w i,B , and not on the choice of the reference site. In particular, this shows that our iterative approach has at least two (which equals n 2 !) fixed points for any permutation of the products (w i,A w i,B ) i=1,. .., 4 . Switching the reference ). Yet, we do not know how the choice of the starting point and reference site determines which fixed point will be reached. It might be the case that the choice of the reference site implies that a certain fixed point is attractive and the other one repulsive. (d) Our implementation is based on the R function "polyroot" [11] and we regarded the permutation which was returned by this function as id ∈ S 4 . (e) Due to our numerical results we conjecture that the maximal number of decoupled systems of a molecule M with (n 1 , n 2 ) sites is n 1 !n 2 !.
Regarding the titration curve of site 1 of the decoupled molecule K at pH = 3 ( Fig. 2) we can see an extreme form of secondary interaction, which we have already described in the first part of this work [7] : Even though none of the electron binding sites interact directly, for fixed pH value, their 1-dimensional titration curves are not of classical Henderson-Hasselbalch shape. Secondary interaction between the electron binding sites is a result of the interaction with the protons: As site 1 of the decoupled molecules has a high binding constant (compared to the other binding sites), it will be occupied at a comparatively low activity. With an increase of electron activity, more electrons will bind to the other sites which will enhance the binding of the protons, in particular to site B. However, this decreases the affinity of electrons to site 1, due to the small interaction constant w 1,B of molecule K . Analogously to our observation in [7] we see here once more that for decoupled molecules the area of transition from 0.1 to 0.9 occupation probability is small, compared to the original molecule (sites 1, 3). Fig. 1 creates the suspicion that the binding curves of the individual sites for ligand one of the decoupled system N in Example 1 are similar to those of the decoupled molecule K in a certain way: The titration curve of site 1 of molecule K seems to share the "right part" with site 4 of molecule N and its "left part" seems to be identical to the "left part" of site 1 of molecule N . We have described this observation already for the case of (n 1 , 1) binding sites [7] . Analogously, to the first part of this work we want to identify unique features all decoupled molecules share. We will have a look on the microstate constants of the different molecules first. Table 1 lists the non-trivial microstate constants of the molecules M, N and K of Example 1. Microstates constants which are not listed are identical for the molecules N and K (when the permutation of the binding constants is fixed). We see here, that the microstate constants of macrostate (1, 1) of molecules N and K are not permutations of each other. However, for all macrostates in which the binding sites for one type of ligand are fully occupied, the corresponding microstate constants are permutations. We can prove this statement in general. 1) and (n 1 , j).
Unique features shared by all decoupled molecules

Proposition 3 Let
Proof (a) As the permutation of the binding sites is fixed, and since the constants g(k) are the product of the binding constants they are identical for all decoupled molecules. (b) Let k be a microstate of macrostate (1, n 2 ). Its constant is given by
The coefficients a n 1 ,n 2 , a n 1 −1,n 2 , . . . , a 1,n 2 are enough to calculate these constants which correspond to the roots of a polynomial. Thus, for any decoupled molecule the constants correspond to a permutation of these roots as the decoupled molecule has to fulfill the equations given by a n 1 ,n 2 , a n 1 −1,n 2 , . . . , a 1,n 2 in particular. Let k 1 be a microstate of macrostate (i, n 2 ). Then its constant is the product of i microstate constants belonging to macrostate (1, n 2 ) divided by The constants of microstates which are not listed are identical for molecules N and K
This proves b) and c).
Remark 2 We have already conjectured that the maximal number of decoupled molecules is n 1 !n 2 !. This number corresponds to the different permutations of the microstate constants of the macrostates (1, n 2 ) and (n 1 , 1). However, to prove our conjecture we would have to show, that for a fixed choice of these microstate constants, the remaining equations have a unique simultaneous solution. This equals proving the DSR for two types of ligands generally.
Decoupling a molecule with (3,3) binding sites
Finally, we show how the algorithm of Proposition 2 can be extended to more than two binding sites for both ligands by presenting an iterative procedure for the case of (3, 3). Let 2, 3 . Analogously to the case of (4, 2) binding sites the choice of the permutation is an important step to distinguish between different solutions. Having solved this subsystem, system (12) is left to be solved. We use analogous substitutions to the case of (4, 2) binding sites to facilitate understanding the structure of the system (a AB 1,2 denotes the part of coefficient a 1,2 derived from microstates with sites A and B occupied):
with i ∈ {1, 2, 3} and j, k ∈ {A, B, C}, j = k 
To solve this system of equations we used the iterative procedure described in Proposition 4 which is an extension of the algorithm of Proposition 2. Conversely, let x = (w 1,A , w 1,B , w 1,C , w 2,A , w 2,B , w 2,C , w 3,A , w 3,B , w 3,C ) be a fixed point and σ 1 , σ 2 be identity (without loss of generality). Then:
. This means x satisfies all equations given by a i,2 . Since x is a fixed point (w i,A , w i We implemented the iterative procedure described in Proposition 4 to give an example with (3, 3) binding sites.
Example 2 Let the molecule be described by M = (G, W ) with G = (g 1 , g 2 , g 3 , g A , g 
The titration curves of all individual sites of molecules M, N , K are illustraed in Fig. 3 . 
Summary and outlook
We investigated the titration curves of molecules binding more than one binding sites for two different ligands, and showed that all decoupled molecules share a certain set of microstate constants. Moreover, we presented numerical calculation methods to find decoupled molecules. Future work might investigate how decoupled molecules can highlight properties of the corresponding original molecule.
